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ABSTRACT 

Few systems exist that support learners explicitly in the process 

of learning mathematical generalisation. This paper presents the 

eXpresser, part of a new system that seeks to address this issue 

by providing the user with a microworld for the construction 

and analysis of general patterns. After a brief description of its 

main features, we discuss various ongoing interface design 

issues.  

Categories and Subject Descriptors 
G.4 [Mathematical Software]: User interfaces 

General Terms 
design, human factors 

Keywords 
microworld, generalization, exploratory learning environment 

1. I!TRODUCTIO! 
This paper presents the eXpresser, a mathematical microworld 

in which students can build and analyse general patterns. 

Within this microworld, students can explore, experiment, and, 

through developing their own models, actively express their 

own generalisations. 

The eXpresser is part of a larger system that is being designed 

and developed by the MiGen Project.1 The aim of the project is 

to improve the mathematical generalisation abilities of 11-14-

year-old children. This addresses a real need in secondary 

mathematics education since many students in this age-range 

perceive generalisation and indeed algebra as difficult and 

unnecessary with no relevance to the way in which they 

approach problem-solving (for a review of these issues, see 

[1]). 

Despite this significant problem, very few systems exist to help 

children embrace algebra and understand its power. Most of 

these systems are aimed at higher-grade students and expect 

them to have a clear notion of the concept of variables, helping 

them, for example, develop an understanding of various 

representations (e.g. [2]). The MiGen Project is seeking to 

address this issue and, in the light of research that suggests that 

significant pedagogic support is needed for the student during 

their interaction  with such environments ([3, p.70-71), the 

design of the overall system also includes two intelligent 

components that will assist students’ mathematical exploration 

and their collaboration with other students and assist teachers 

by providing information about the students and suggestions for 

pedagogic support.. 

The remainder of this paper presents the system (Section 2) 

which follows constructionist [4] and direct manipulation [5] 

principles, taking into account student’s difficulties in this 

domain [1], in an attempt to afford opportunities for the 

construction and analysis of patterns, whilst providing both a 

rationale and computational support for expressing generality. 

Section 3  discusses various ongoing interface design issues, 

which pertain to pedagogical concerns around the usability of 

the microworld as well as intelligent support requirements.  

2. SYSTEM DESCRIPTIO! 
Figure 1 shows two generalisation problems typical of the 

National Curriculum: the ‘footpath’ which is a repeated tiling 

and the ‘pyramid’ which not only makes use of repetition but 

repetition with changes since each layer increases in size 

relative to the previous layer.  

(a) 

 

(b) 

 

(c) 

 

(d) 

 

Figure 1. Example patterns. (a) the footpath pattern with 2 

(dark) blue squares; (b) with 3 blue squares; (c) the pyramid 

pattern with 2 levels; and (d) with 3 levels. 

When investigating such tasks, students would typically be 

asked to work out its general structure so that they could 

describe other instances of the pattern. In the case of the 

footpath, for example, they would be able to describe what it 

would look like if it had 10 (dark) blue squares surrounded by 

                                                                                                       

1 See http://www.migen.org/ for more details. Funded by the 

TLRP, e-Learning Phase-II; grant number: RES-139-25-

0381. 
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(light) green squares and, similarly, in the case of the pyramid, 

what it would look like if it had 6 layers. In addition to this, 

students are also usually asked to investigate questions such as 

the general rule for the number of green squares needed to 

surround any given number of blue squares in the footpath 

pattern. Following from these observations, the eXpresser 

provides an exploratory environment that allows the user to 

construct patterns freely and analyse these constructions so as 

to obtain interesting general rules. Figure 2 shows the current 

interface and briefly describes each of the available tools. 

2.1 Basic Patterns 
The user is able to create a `unit pattern' which looks like a 

single block. However, inspecting its properties reveals that it is 

in fact something more complex as illustrated in Figure 3a. The 

property box in this figure shows three numeric attributes, each 

of which has an icon. The cogs icon specifies the element count 

of this pattern. The cogs icon with the right arrow specifies how 

far to the right each shape should be from its predecessor and, 

similarly, the cogs icon with the arrow downwards specifies 

how far down a shape should be from its predecessor. Initially, 

the element count of a pattern is 1 and the other attributes 0 but 

by setting these values appropriately, various basic patterns can 

be obtained. Some of these are shown in Figure 3b-e. 

2.2 Using the Pattern Tools 
Although interesting patterns can be created using such a basic 

mechanism, the underlying engine is far more powerful since a 

pattern can be based on any shape whether it is a pattern itself 

or a group. Currently the interface provides three ways in which 

to access this generic facility: creation of a horizontal sequence, 

creation of a vertical sequence and creation based on a 

‘demonstration’ of the first two elements. These first two 

elements implicitly indicate what happens from one element of 

the pattern to the next. Using this information, the system is 

able to create the pattern. For example, given two shapes with 

attributes as shown in Figure 4a and Figure 4b, specifying 4 to 

the demonstrator tool (Figure 4c) results in a triangle pattern 

(Figure 4d).2 

 

(c) 

 
  

(a) (b) (d) 

Figure 4. The demonstrator tool. 

                                                                 

2 The shapes used in this example also imply a downward 

movement. 
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Figure 3: Basic patterns. 

 

Figure 2. The interface of the eXpresser annotated with tool  descriptions. 
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2.3 Creating Dependencies 
With the facilities described so far, the user is able to build 

complex patterns with ease. However, there is also a need to 

make patterns depend on one another. For example, consider 

the case where the user is constructing the footpath pattern. If 

they decide to work row by row, they may first create a pattern 

of blue squares as shown in Figure 5a. The number of green 

squares needed on that row is one more than the number of blue 

squares. By naming the first pattern, this relationship can be 

specified iconically as shown in Figure 5b. The other rows of 

the pattern depend in a similar way on the number of blue 

squares as shown in Figure 5c. 

 

 
 

(a) (b) (c) 

Figure 5. Constructing the footpath using dependencies. 

2.4 Messing-up 
Being able to relate attributes of shapes in this way is 

fundamental to the construction process and through it, the 

power of generalisation becomes apparent to the user. Figure 6a 

shows how the pattern (as constructed in Figure 5) changes 

when the number of blue squares is changed to 3. As expected, 

the layout of the green squares changes appropriately, thus 

demonstrating the generality of the construction. In contrast, the 

construction in Figure 6b does not look correct since the 

number of squares in its top and bottom rows were specified in 

absolute terms when there were originally 3 blue squares. In the 

case of Figure 6c, no aspects of the construction are general; all 

parts of the pattern were created specific to when there were 3 

blue squares. 

   

(a) (b) (c) 

Figure 6. Messing-up. 

For constructions that are not entirely general, changing the 

number of blues in this example `breaks' the pattern. This 

potential for `messing up' [6] by changing various parameters of 

the problem provides a simple yet powerful mechanism for the 

student to judge whether a pattern is general or not. It also 

provides a pedagogic strategy for the teacher (or potentially the 

intelligent system) to challenge students to construct a solution 

that is impervious to `messing up' in this way. This `incentive to 

generalise' [7] provides students with the opportunity to realise 

that there is an advantage to thinking in terms of abstract 

characteristics of the task rather than specific numbers. 

2.5 Allocations 
The features above provide the user with mechanisms for 

constructing general patterns but no explicit way to analyse 

them so as to obtain general rules such as the number of greens 

needed to surround the blues. This issue is addressed by 

allowing the user to specify the number of squares of each 

colour that they need for their construction. As a concrete 

illustration of this feature, Figure 7 shows the step-by-step 

construction of the footpath interleaved with updating such 

colour allocations. In this example, the user starts off by 

considering the instance of the footpath pattern in which there 

are 3 blue squares. Since they know that (currently) they need 

that many blue squares, they specify this explicitly (Figure 7a). 

At this stage, since the number of green squares needed is 

unknown, they leave this at its initial value of 0 (Figure 7b). 

Figure 7c shows their first step in the construction process in 

which they create the pattern of blue squares.3 

(a) 
 

(b) 
 

(c) 

 

(d)  (e) 
  

(f) 
 

(g) 
  

(h) 

 

(i) 
 

 

Figure 7. Using allocations for the footpath pattern. 

The user next adds the surrounding green pattern for the middle 

row. Since the allocation for green is currently zero, these 

squares appear differently as shown in Figure 7d. The user can 

correct this by specifying the number of green squares that are 

now needed (Figure 7e). The remainder of the example 

continues similarly for the top row (Figure 7f-g) and the bottom 

row (Figure 7h-i). In this way, the user iteratively refines the 

expression for the green allocation. Ultimately, the blue 

allocation now ‘drives’ the pattern in that changing its value 

results in a different instance of the footpath. Moreover, the 

green allocation is now the general rule for the number of green 

squares needed to surround the blue squares. 

This example shows a very rigorously interleaved process of 

construction and analysis. The advantage here is that through 

this interleaving, the user may gain a deeper understanding of 

their construction. However, this comes at a cost in terms of 

requiring quite complex interaction with the task on two 

different levels. In view of this, the system is being designed so 

that if the user, teacher or task designer so desires, construction 

can proceed without a concern for allocations. Then, once 

comfortable with how to create the general pattern, the user can, 

in a subsequent phase, re-build their construction paying 

attention to the allocations needed. So, rather than interleaving 

construction and analysis, construction happens first followed 

by interleaved reconstruction and analysis. In summary, just as 

`messing up' provides the user with an incentive to generalise, 

allocations provide the user with an incentive to analyse, 

expressing the generality symbolically. 

                                                                 

3 Note that the specification of the element count here is in 

terms of the blue allocation. This differs from Figure 5a in 

which the element count was specified explicitly 



2.6 Multiple Solutions 
One of the design criteria for the eXpresser and one closely 

related to the constructionist approach we have adopted is that 

the microworld should be expressive enough so that any given 

pattern could be constructed in a variety of ways. Such scope 

for alternatives allows the learner to realize how multiple valid 

solutions to a problem lead to different – but equivalent – 

expressions. There is then an incentive to develop intuitively 

some of the basic rules of algebra such as commutativity and 

associativity as well as provocation to collaborate with other 

students who have found correct but different solutions. 

Figure 7 shows two further constructions of the footpath. 

   

(a) (b) (c) 

   

(d) (e) (f) 

Figure 8: Different footpath constructions. (a)-(c) A 

repeating ‘backward-c’ shape. (d)-(f) Alternating verticals. 

3. Discussion 
The eXpresser has been developed (and continues to be 

developed) through a highly iterative user-centred design 

process (see [8]). Its interface – as presented in the previous 

section – has evolved from initial demonstrations of the 

capabilities of the underlying pattern engine by integrating 

feedback from project members, teachers, teacher educators, 

students and other project stakeholders. Given this evolved 

state, we are now exploring not just how to afford various 

facilities but how best to afford them. The design of this new 

interface has to balance both usability and sound pedagogical 

justification. 

One of the most important features of the software is the ability 

to make one shape depend on another since this, in combination 

with messing-up, is fundamental to generalisation. At present, 

this feature requires ‘digging down’ into the attributes of an 

object and selecting the appropriate icon variable of another 

(named) shape. This process is far from intuitive; it exists in 

this form as a proof of concept of the underlying engine, not as 

an attempt at a usable design. One possible way forward we are 

discussing is making this functionality available within the 

toolbar itself. 

Less relevant to mathematical generalisation per se but still 

important is how best to provide the user with access to the full 

expressive power of the underlying engine. Since patterns can 

be built out of patterns and any attribute can be modified from 

one instance to the next (including modification attributes 

themselves), the way in which the user should interact with this 

power poses an interesting interface design challenge. We have 

experimented with various possibilities in previous versions of 

the software but have yet to produce something intuitive and 

fully expressive. 

An important consideration throughout the design process is 

that the resulting system will not only provide assistance to 

learners but also advice to teachers based on analyses of 

individual students and the activities of the group overall. This 

requires striking a balance between the need to design parts of 

the system to meet the requirements for intelligent support and 

the need to take into account pedagogical and HCI 

considerations. 

One such requirement for intelligent support is for user 

interaction to be unambiguous since such information will be 

used as a basis for automated inference about student progress. 

This is one of the most important features of any student 

modelling approach [9] and a difficult problem for any 

intelligent system. The open and exploratory nature of the 

eXpresser makes such modelling even more challenging. The 

challenge therefore is to obtain unambiguous, comprehensive 

information about the student’s interactions while neither 

disrupting their experience of the system nor limiting the 

exploratory nature of the environment. 

Given the development level of the students, there is a further 

constraint in that it is especially important to design the user 

interface in an optimal way, not only to make it easy for all 

students to use but also to support their cognitive processes and 

reduce their memory load in relation to how the software works. 

These constraints conspire to produce a significant research 

challenge, one that we hope to meet over the coming months of 

the project. 

4. REFERE!CES 
[1] Geraniou, E., Mavrikis, M., Hoyles, C., Noss, R. Towards 

a constructionist approach to mathematical generalisation. 

Proceedings of the British Society for Research into 

Learning Mathematics Conference 28(2), June, 2008. 

[2] Roschelle, J., Kaput, J.: SimCalc MathWorlds: 

Composable components for calculus learning. 

Communications of the ACM 39, 1996, 97–99 

[3] Noss, R., Hoyles, C. Windows on mathematical meanings: 

Learning cultures and computers. Kluwer,1996.  

[4] Harel, I., Papert, S.: Constructionism. Ablex Publishing 

Corporation, 1991 

[5] Schneiderman, I.E. Direct manipulation: A step beyond 

programming languages.  IEEE Computer 16,1983, 57–69. 

[6] Healy, L., Hoelzl, R., Hoyles, C., Noss, R. Messing-up. 

Micromath 10, 1994, 14-17. 

[7] Mason, J., Graham, A., Johnston-Wilder, S.Developing 

Thinking in Algebra. Paul Chapman Publishing 2005. 

[8] Pearce, D., Mavrikis, M., Geraniou, E., Gutiérrez, S. 

Issues in the design of an environment to support the 

learning of mathematical generalisation. In: European 

Conference on Technology Enhanced Learning EC-

TEL08, 2008 

[9] VanLehn, K. Student modeling. In Polson, M. Richardson, 

J., eds.: Foundations of Intelligent Tutoring Systems. 

Hillsdale, NJ: Erlbaum, 1988, 55–7

 


